Abstract: Éliashberg theory is generalized to the electronphonon (EP) systems with the not constant density of electronic states. The phonon contribution to the anomalous electron Green's function (GF) is considered. The generalized Éliashberg equations with the variable density of electronic states are resolved for the hydrogen sulphide SH 3 phase under pressure. The dependence of both the real and the imaginary part of the order parameter on the frequency in the SH 3 phase is obtained. The Tc = 177 K value in the hydrogen sulfide SH 3 phase at the pressure P = 225 GPa has been defined. The results of the solution of the Eliashberg equations for the Im-3m (170 GPa), Im-3m (200 GPa) and R3m (120 GPa) phases are presented. A peak value Tc = 241 K of the superconducting transition temperature has been predicted. The aim of present work is to derive the generalized Éliashberg equations for the precise Tc calculation in the materials with the strong EP interaction. Such a formalism should allow one a quantitative calculation and prediction of the superconducting properties and Tc in the different phases of the hydrogen sulfide [1, 2] , as well as in the high-temperature materials with the EP mechanism of superconductivity, which will be discovered in the near future. We take into account all the features of the frequency behavior of the spectral function of the EP interaction, the behavior of the electronic density of states N 0 (ω) and the specific properties of matter in which the superconducting state is established. The derivation of the Éliashberg equations [13, 14] is performed anew on a more rigorous basis, leading to the new terms in the equations for the order parameter. We have taken into account the Coulomb contribution to the order parameter despite the smallness of the Coulomb pseudopotential µ * ≈ 0.1 in the hydrogen sulfide SH 3 phase compared with the significant constant λ ∼ 2.273 of the EP interaction in the sulfide phase. Near Tc the product Reφ (︀ z ′ )︀ Imφ (︀ z ′ )︀ tends to zero for all values of the argument. We obtain omitting the small quantities ImZ (ω), Reχ (ω), Imχ (ω) the following non-linear
The theory of the superconductivity for the e-band with the not constant density of electronic states
The calculation of the superconducting transition temperature in the hydrogen sulphide obtained in experiments [1, 2] is usually carried out by using the extremely lax and insufficiently reasoned description of superconductivity with a freely selectable electron density functional [3] [4] [5] approximate solutions of the Éliashberg equations [6] [7] [8] not taking into account the variable nature of the electronic density of states N (ω) are also used. The solution of the Éliashberg equations on the real axis is considered to be a difficult task. Therefore the critical temperature Tc by the Éliashberg formalism is usually calculated in the Green's function presentation with the use of a set of discrete Green's function values on the imaginary axis and not taking into account the variable nature of the electronic density of states (see [9] for such calculation for the hydrogen sulfide).The analytic continuation of such a solution in order to determine the frequency dependence of the order parameter is extremely inaccurate. In [10] it is noted that conventional Éliashberg equations do not describe the superconductivity in the metal hydrogen sulfide in the proper way. In [11] the Fermiology of the Lifshitz transitions as a function of pressure in H3S has been discussed. In the work [12] the influence of the zero point motion on the electronic states in H3S superconductor is investigated. The aim of present work is to derive the generalized Éliashberg equations for the precise Tc calculation in the materials with the strong EP interaction. Such a formalism should allow one a quantitative calculation and prediction of the superconducting properties and Tc in the different phases of the hydrogen sulfide [1, 2] , as well as in the high-temperature materials with the EP mechanism of superconductivity, which will be discovered in the near future. We take into account all the features of the frequency behavior of the spectral function of the EP interaction, the behavior of the electronic density of states N 0 (ω) and the specific properties of matter in which the superconducting state is established. The derivation of the Éliashberg equations [13, 14] is performed anew on a more rigorous basis, leading to the new terms in the equations for the order parameter. We have taken into account the Coulomb contribution to the order parameter despite the smallness of the Coulomb pseudopotential µ * ≈ 0.1 in the hydrogen sulfide SH 3 phase compared with the significant constant λ ∼ 2.273 of the EP interaction in the sulfide phase. Near Tc the product Reφ
tends to zero for all values of the argument. We obtain omitting the small quantities ImZ (ω), Reχ (ω), Imχ (ω) the following non-linear equation for the real part of the complex abnormal order parameter φ: The equation (1) is written down with the full account of the Coulomb term in the abnormal self-energy part. In (1) the first term describes the role of the electron-phonon interaction and the second Coulomb term appears to have the standard view [15] . The Coulomb pseudopotential of electrons in the hydrogen sulfide µ * ≈ 0.1 is expressed through the standard approximation of the Coulomb matrix element µ
, ωc is the energy efficiency range of the Coulomb interaction. For the imaginary part of the order parameter φ (ω) following equation should be written:
The order parameter is used in the following form (2) is taken as a principal value, that is marked with the P mark. The
value can not be less than −µ, so that the integration over z ′ is accompanied by dropping the term
The root will assume to be positive √︀
High T c in the hydrogen sulfide as a result of the variability of the density of electronic states in the band
In this paper we determine Tc and the frequency behavior of the complex order parameter at different temperatures by solving the Éliashberg equations in the form of a nonlinear system of equations (1) - (2) for the complex order parameter in hydrogen sulfide SH 3 phase at the pressure of 225 GPa with the full account of the alternative character of the electronic density of states.
The system of equations (1), (2) is solved by using an iterative method based on the frequency behavior of the spectral function of the EP interaction (Éliashberg function) α 2 F (z) [16, 17] for theSH 3 hydrogen sulfide phase at at the pressure P = 225 GPa. It is found that the process of the convergence of the solution for the real part of the order parameter Reφ (ω) in solving the system of equations (1), (2) is set when the number of several tens of iterations is reached. At T = 180 K and at T = 300 K Reφ (ω) as well as Imφ (ω) tend to zero with increasing number of iterations thus indicating no effect of superconductivity at these temperature. In this case, however, the order parameter preserves the characteristic structure of the superconducting state decreasing with increasing number of iterations. Equations (1), (2) below the Tc temperature have in the case of the presence of the superconductivity a set of Figure 2: a. Dimensionless "bare" total density of SH 3 hydrogen sulfide electronic states at the pressure 225 GPa [16] ; b. The spectral function of the electron-phonon interaction α 2 (ω) F (ω) [16, 17] in the SH 3 hydrogen sulfide at the pressure 225 GPa. The frequency ω is expressed in dimensionless units (as a fraction of the maximum frequency of the phonon spectrum).
three solutions namely: Reφ (ω) and Imφ (ω), −Reφ (ω) and −Imφ (ω) and additionally the zero unstable solution.
In the numerical solution of equations (1) - (2) on the real axis the solution before the establishment of the zero solution undergoes multiple rebuilds from "negative" to the "positive" solutions. An additional difficulty in solving the equations (1) - (2) is a numerical integration of improper integrals with divergences appearing in these equations. The behavior of the real part of the order parameter Reφ (ω) as well as the behavior of the imaginary part of the order parameter Imφ (ω) at the temperature T = 175 K is shown in Fig. 3 . The order parameter solution for the resulting value of Tc = 177 K is not presented here due to the vanishing order parameter values at this temperature. The imaginary part Im∆ (ω) of the order parameter at low frequency is negative, while at the value of the dimensionless frequency equal to 0.23, Fig. 3b ., the imaginary part Im∆ (ω)value becomes positive. Thus, we set the value of the energy gap in the SH 3 sulfide phase, which turned out to be 0.23×0.234 eV, that is, 600 Kelvins.
In Figure 4 the results of the solution of the Eliashberg equations for the Im-3m (170 GPa), Im-3m (200 GPa) and R3m (120 GPa) phases are presented. On the Figure 4 the Figure 4 : Dependence of Tc of the SH 3 phase on the pressure. The results of our calculation are marked as "Self-consistent", the experimental results from the works [2, 18] are denoted as "Experiment 2" and "Experiment 1", respectively.
values of Tc calculated in the present work have been imposed on the experimental plot [2, 18] showing the dependence of the temperature of the superconducting transition Tc on the pressure.
From the Figure 4 it is seen that the calculated values for Tc at the high pressures P = 180-225 GPa accurately coincide with the experimental data [2, 18] . The SH 3 phase with the Im3m symmetry by reducing the pressure from 225 to 170 GPa, shows a steady increase in Tc, as is evident from the results of our calculations. The phase with the R3m symmetry also shows Tc growth by increasing the pressure from 120 to 170 GPa, as is evident from the results of our calculations. At a pressure of P = 170 GPa, we predict a peak value Tc = 241 K of the superconducting transition temperature significantly higher than the value of Tc, following from the experimental data [2, 3] . Less pronounced tendency to increase of Tc with decreasing pressure of 225 GPa to 160 GPa, as well as with the pressure increase from 130 GPa to 155 GPa is traced in the calculations [10] , which take into account anharmonicity simultaneously with the use of the ordinary Eliashberg equations. Our calculations imply that at a pressure of P = 170 GPa the metal hydrogen sulfide should have the maximum temperature Tc of the superconducting transition in a form of a narrow and high peak in the dependence of Tc on the pressure. Probably due to the narrowness of the sharp peak or by any technological reasons the peak to date is not registered experimentally. It seems that the most accurate results for the Tc in the framework of the electron-phonon mechanism of superconductivity will be further obtained with the use of an advanced version of the Éliashberg theory with both the variable nature of the density of electron states in the band and the renormalization of the electron density of states in a self-consistent form while taking into account anharmonic effects in considering phonon spectrum and the electron-phonon interaction in the framework of the approach of the present work.
Conclusions
Analyzing the results and summing everything written before, we arrive at the following conclusions:
1. Éliashberg theory is generalized to account for the variable nature of the electron density of states in the self consistent form. 2. The mathematical method for the solving of Éliash-berg equations on the real axis is developed. 3. The generalized Éliashberg equations with the variable nature of the electron density of states are solved. The quantitative agreement with the experiment for the hydrogen sulphide SH 3 phase is achieved. 4. The frequency dependence as well as the fine structure of both the real part Reφ (ω) and the imaginary part Imφ (ω) of the order parameter corresponding to the selected SH 3 sulfide phase at the temperature T = 175 K. The variation of the frequency dependence of the order parameter with the temperature is presented. 5. We got Tc = 177K coinsiding with the experimental [2] Tc value in the hydrogen sulfide at the pressure 225 GPa. At the temperature T = 180 K > Tcand even at the room temperature T = 300 K, when the equation for the order parameter leads to an extremely small maximum values of the order parameter Reφ, Imφ ∼ 10 −8 on the hundredth iteration, the order parameter frequency dependence is similar with the order parameter dependence on the frequency for the superconducting state. 6. The Coulomb pseudopotential of electrons in the hydrogen sulfide leads to the inessential Tc reduction. 7. A peak value Tc = 241K of the superconducting transition temperature significantly higher than the experimental value of Tc has been predicted.
